Vibrational Origin of Exchange Splitting and Chirality Induced Spin
  Selectivity by Fransson, J.
Vibrational Origin of Exchange Splitting and Chirality Induced Spin Selectivity
J. Fransson∗
Department of Physics and Astronomy, Box 516, 75120, Uppsala University, Uppsala, Sweden
(Dated: May 15, 2020)
Electron exchange and correlations emerging from the coupling between ionic vibrations and electrons are
addressed. Spin-dependent electron-phonon coupling originates from the spin-orbit interaction, and it is shown
that such electron-phonon coupling introduces exchange splitting between the spin channels in the structure.
By application of these results to a model for a chiral molecular structure mounted between metallic leads,
the chirality induced spin selectivity is found to become several tens of percents using experimentally feasible
parameters.
Chirality induced spin selectivity is an intriguing phe-
nomenon that, to our knowledge, rests on a foundation of
structural chirality, spin-orbit interactions, and strongly non-
equilibrium conditions. The effect is a measure of the re-
sponse to changes in the magnetic environment coupled, and
the phenomenology refers back to the experimental observa-
tions of a substantial changes in the charge current amplitude
through chiral molecules, upon changes in the external mag-
netic conditions [1, 2]. Chirality induced spin selectivity has
been shown to not be limited to multi-stranded helical struc-
tures, such as, double stranded DNA molecules [3] and bacte-
riorhodopsin [4], but has also been observed in, for example,
various types of peptides [5–9] and polyalanines [10–12], and
recently also in helicene [13, 14].
On the theoretical side, different approaches can be cat-
egorized into continuum models [15–23], tight-binding de-
scriptions [24–30], ab initio simulations using, for example,
density functional theory [31–33], and multiple scattering off
magnetic impurities [34]. Thus far, the success of the model-
ing has been limited to qualitative aspects while quantitative
ones yet appear to be out of reach. Moreover, a major deficit
with these approaches is their reliance on unrealistic spin-orbit
interaction parameters. The source of this issue is likely to be
found in the single-electron nature of these models.
Efforts to include electron correlations have been limited to
the study in Ref. [35]. Here, an on-site Coulomb interaction
was added on each ionic site in a molecular chain, described
by a generalized form of the Kane-Mele model [36–38], in-
cluding the spin-orbit interaction and adapted to a finite he-
lical molecular structure. Using experimentally viable spin-
orbit interaction parameters, it was shown that the exchange
splitting between the spin channels that was introduced by the
Coulomb interaction, supports a chirality induced spin selec-
tivity of up to ten percents. The exchange splitting is, hence,
a source for a substantial nonequivalence between the spin
channels, which is maintained under reversal of the magnetic
environment.
Another source for electron correlations pertaining to
molecular structures is generated by molecular vibrations,
or, phonons, that couple to, and distort, the electronic struc-
ture. The electron-phonon coupling may introduce an attrac-
tive electron-electron interaction, which can be shown by em-
ploying the canonical transformation proposed by Lang and
Firsov [39]. However, most theoretical studies concerned with
electron-phonon coupling omit the analogous coupling to the
spin degrees of freedom of the electrons, which can be jus-
tified whenever the spin-orbit interaction is negligible. The
question if electron-phonon interactions make a difference
in solids with non-negligible spin-orbit coupling has been
addressed in the context of ultra-fast demagnetization [40],
nevertheless, merely as a source for decoherence. Whether
electron-phonon interactions is a pertinent mechanism for chi-
rality induced spin selectivity is, however, an open question.
The results presented in this Letter shows that the cooper-
ation of electron-phonon and spin-orbit interactions generates
an exchange splitting between the spin-channels, which is vi-
able for chirality induced spin selectivity. To this end, a mech-
anism for spin-dependent electron-phonon coupling is intro-
duced and discussed. This mechanism is applied to a model
for a general lattice structure, in which the emergence of a vi-
brationally induced spin splitting of the electron energies is
stressed. This result is novel and should open for new ways to
address high temperature magnetism. Finally, these findings
are carried over to a model for a chiral molecule [35], which
is used to show strong chirality induced spin selectivity, tens
of percents, using experimentally feasible input parameters.
First, consider the mechanism for a coupling between the
electron spin and the ionic vibrational degrees of freedom
through the spin-orbit interaction. The single electron Hamil-
tonian is in the Schro¨dinger picture given by
H =
p2
2me
+V(r) +
ξ
2
(
∇V(r)×p
)
·σ, (1)
where me is the electron mass, V(r) is the effective confine-
ment potential, and ξ = h¯/4m2ec
2. Here, the operator p acts on
everything to its right whereas ∇ acts only on the component
directly adjacent to its right, such that, ∇V ×p = (∇V)×p.
The ions are located at the positions rm, such that the po-
tential V(r) =
∑
mV(r− rm). Assuming that the ions are not
fixed in space but move about there respective equilibrium
positions, such that rm = r(0)m +Qm, where Qm = rm − r(0)m , the
Taylor expansion V(r) = V0 +
∑
mQm · ∇V(r)|r→r(0)m + · · · pro-
vides the coupling between the electrons and lattice vibra-
tions. Here, V0 ≡ ∑mV(r(0)m ) represents the equilibrium po-
tential of the static ionic positions. Effecting this expansion in
the model, Eq. (1), retaining at most linear orders in the dis-
placement variable Q, results in that H = H0 +H1 +H2, where
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2H0 =
p2
2me
+V0 +
ξ
2
∑
m
[
∇V(r− r(0)m )×p
]
·σ, (2a)
H1 =
∑
m
(
Qm · ∇V(r− r(0)m ) + ξ2
[
∇
(
Qm · ∇V(r− r(0)m )
)
×p
]
·σ
)
.
(2b)
The vibrational quantum operator amµ (a
†
mµ), which is intro-
duced according to the standard definitions, annihilates (cre-
ates) a vibration at the site m in the mode µ. Then, the ionic
displacement is written Qm =
∑
µ lmµmµ(amµ + a
†
mµ), where
lmµ =
√
h¯/2ρνωmµ defines a length scale in terms of the den-
sity of vibrations ρ, system volume ν, and vibrational fre-
quency ωmµ, whereas mµ denotes the polarization vector.
A second quantized form of H is obtained by employing the
expansion cσ(r, t) =
∑
m cmσ(t)φm|σ〉/ν, where φm = φm(r) is
an eigenstate of H0. Hence, the zero Hamiltonian is given by
H0 = ∑mψ†mEmψm, where the spinor ψm = (cm↑ cm↓)t, whereas
the on-site energy spectrum is defined by
Em =
∫
φ∗mH0φm
dr
ν
. (3)
In the same fashion, the electron-phonon contributions to the
model, H1, can be written as
He-ph =
∑
mm′
nµ
ψ†m
(
Umm′nµ +Jmm′nµ ·σ
)
ψm′
(
anµ +a
†
nµ
)
, (4)
where
Umm′nµ =lnµ
∑
k
∫
φ∗mqµ · ∇V(r− r(0)k )φm′
dr
ν
, (5a)
Jmm′nµ =
ξlnµ
2
∑
k
∫
φ∗m∇
([
nµ · ∇V(r− r(0)k )
]
×p
)
φm′
dr
ν
.
(5b)
The derivation of He-ph demonstrates the existence of a
direct coupling between the electronic spin degrees of free-
dom and the ionic vibrations. In general, spin-orbit interac-
tion requires a redefinition of what good spin quantum num-
bers means, c.f. H0. However, when accompanied with the
electron-phonon coupling, the spin-orbit interaction also pro-
vides an origin for spin-dependent electron-phonon interac-
tions Jmm′nµ. Hence, the spin-orbit and electron-phonon inter-
actions combine into a viable spin-phonon coupling, Eq. (5b),
in addition to the generic coupling Umm′nµ between charge and
vibrations, c.f., Eq. (5a). This background serves as a justifi-
cation for the succeeding discussion.
In order to stress a few implications emerging from
the spin-dependent electron-phonon interactions, consider a
dimer model. Each site (m = 1,2) in the dimer vibrates with
the frequency ωm and comprises an electron level a the en-
ergy εm. The electronic and vibrational degrees of freedom are
coupled through the potential U = Uσ0 + Jσz, while the elas-
tic spin-orbit coupling (third term in Eq. (2)), as well as the
site dependences of the electron-phonon couplings are both
negligible. The Hamiltonian model can, hence, be written as
H =
∑
m
(
εmψ
†
mψm +ωma
†
mam
)
+
∑
mn
ψ†mUψm(an +a†n). (6)
This model allows a for a transparent derivation of an electron-
phonon generated spin-polarization, considered next.
Hence, the canonical transformation, H˜ = eSHe−S , with
the generating operator [39]
S =−
∑
mn
1
ωn
ψ†mUψm(an−a†n), (7)
transform the electron and phonon operators according to
c˜mσ = cmσeUσ
∑
n(an−a†n)/ωn , a˜m = am− 1
ωm
∑
n
ψ†nUψn, (8)
respectively, where Uσ =U+ Jσzσσ, such that n˜mσ = c˜
†
mσc˜mσ =
c†mσcmσ = nmσ. Hence, the transformed model acquires the
decoupled form
H˜ =
∑
m
(
εmψ
†
mψm +ωma
†
mam
)
−
∑
n
1
ωn
(∑
m
ψ†mUψm
)2
. (9)
In the following, the interaction parameters are redefined
through U
√∑
m 1/ωm→ U and J
√∑
m 1/ωm→ J.
Next, the interaction term (
∑
mψ
†
mUψm)2 can be partitioned
into three contributions Uˆi, i = 1,2,3, where
Uˆ1 =
∑
m
(
(U2 + J2)nm + 4UJszm
)
, (10a)
Uˆ2 =2(U2− J2)
∑
m
nm↑nm↓, (10b)
Uˆ3 =2U2n1n2 + 4UJ(n1sz2 + s
z
1n2) + 8J
2sz1s
z
2, (10c)
where nm = ψ
†
mψm and s
z
m = ψ
†
mσ
zψm/2. Hence, writing ε˜m =
εm−U2− J2, the transformed model can be written as
H˜ =
∑
m
(
ε˜mnm−4JUszm−2(U2− J2)nm↑nm↓+ωma†mam
)
−2U2n1n2−4UJ(n1sz2 +n2sz1)−8J2sz1sz2. (11)
The important observations to be made in Eqs. (10) and
(11) are that the electron-phonon coupling has been converted
into (i) a renormalized and spin-dependent single-electron
energy, Eq. (10a), and (ii) on-site and inter-site charging
and exchange interactions, Eqs. (10b) and (10c), respec-
tively. Hence, the one-electron states |mσ〉 = c†mσ|〉 are asso-
ciated with the spin-dependent energies Emσ = ε˜m−2UJσzσσ,
whereas the two-electron states |σσ′〉 = c†2σ′c†1σ|〉 are associ-
ated with the spin-dependent energies Eσσ =
∑
m ε˜m − 2U2σ −
4UJσzσσ and E↑↓ = E↓↑ =
∑
m ε˜m − 2U↑U↓. The remaining
two-electron states |2m〉 ≡ c†m↓c†m↑|〉 have the energies E2m =
32ε˜m−2U↑U↓. The three-electron states acquire a similar spin-
split as the one-electron states, whereas the empty state and
the four-electron state both are spin-independent.
In a, slightly, more realistic model, on- and inter-site
electron-electron interactions should be included with associ-
ated parameters which, typically, are significantly larger than
the induced parameters U and J. In such a consideration, the
effective correlation energies are, therefore, merely renormal-
ized by the electron-phonon interaction. The one-electron (as
well as the two- and three-electron) energies would, nonethe-
less, remain spin-polarized as is indicated by the second con-
tribution in Eq. (10a). It is also worth pointing out that the
results are not limited to dimers but can be straightforwardly
generalized to assemblies with any number of ions.
The results from the above model, Eqs. (6) – (11), em-
phasize that, when accompanied with spin-orbit coupling, the
electron-phonon interactions should be interpreted as a source
for exchange splitting between the spin channels. This re-
sult becomes especially important in the context of chirality
induced spin selectivity, where a finite exchange splitting is
crucial for the emergence of a large effect when using real-
istic parameters [35]. The existence of the exchange does,
however, not have to originate from electronic Coulomb inter-
actions.
Hence, the final part of this Letter is devoted to the electron-
phonon induced spin selectivity in a chiral chain of ions com-
prisingM sites, modeled as
Hmol =
M∑
m=1
εmψ
†
mψm +
M∑
ν=1
ωνa
†
νaν
−
M−1∑
m=1
(
ψ†mψm+1 +H.c.
)(
t0 + t1
∑
ν
(aν +a
†
ν)
)
(12)
+
M−2∑
m=1
(
iψ†mv
(+)
m ·σψm+2 +H.c.
)(
λ0 +λ1
∑
ν
(aν +a
†
ν)
)
.
Here, the molecule is described by a set of single electron
level described by εmψ
†
mψm, first term, where εm denotes
the level energy, distributed along the spatial coordinates
rm = (acosϕm,asinϕm, (m − 1)c/(M − 1)), ϕ = (m − 1)2pi/N,
m = 1, . . . ,M. Here, a and c define the radius and length, re-
spectively, of the helical structure, whereasM = MN is the to-
tal number of sites in which product M and N denote the num-
ber of laps and ions per lap, respectively. Nearest-neighboring
sites, second line in Hmol, interact via direct hopping, rate t0,
and electron-phonon assisted hopping, rate t1. Similarly, the
spin-orbit coupling is picked up between next-nearest neigh-
bor sites, last line in Hmol, through processes of the type
iψ†mv
(s)
m ·σψm+2s, s = ±1, where λ0 and λ1 denote the direct
and electron-phonon assisted spin-orbit interaction parame-
ters, respectively. The vector v(s)m = dˆm+s × dˆm+2s defines the
chirality of the helical molecule in terms of the unit vectors
dˆm+s = (rm − rm+s)/|rm − rm+s|. The electrons are coupled to
theM vibrational normal modes ων, which are represented by
the phonon operators aν and a
†
ν .
The transport properties are captured by mounting the
molecule in the junction between a ferromagnetic and a sim-
ple metallic lead. Tunneling between the lead χ = L,R, and
the adjacent ionic site introduces a spin-resolved level broad-
ening through the coupling parameter Γχσ = Γχ(σ0 + pχσz).
Here, |pχ| ≤ 1 denotes the spin-polarization, whereas Γχ =
2pi
∑
k∈χ |tχ|2ρχ(εk) accounts for the tunneling rate tχ and the
density of electron states ρχ(εk) in the lead χ.
We relate the properties of the electronic structure and
transport to the single electron Green function Gmn(z) =
〈〈ψm|ψ†n〉〉(z), Gm ≡Gmm, through the density of electron states
ρm(ω) = i sp[G>mm(ω)−G<mm(ω)]/2pi and charge current
Jσ =
ie
h
sp
∫
ΓLσ
(
fL(ω)G>1 (Γ
L
σ;ω) + fL(−ω)G<1 (ΓLσ;ω)
)
dω,
(13)
respectively, where sp denotes the trace over spin 1/2 space,
whereas fχ(ω) = f (ω − µχ) is the Fermi-Dirac distribu-
tion function at the chemical potential µχ. The notation
G</>1 (Γ
L
σ;ω) indicates that the calculated properties depend
on the spin-polarization pL in the left lead through the cou-
pling parameter ΓLσ. All calculations are made using non-
equilibrium Green functions G</>mn (ω).
The equation of motion for the Green function Gmn =
Gmn(z) can be written on the form(
z−Em
)
Gmn−
∑
s=±1
{
−t0Gm+sn + iλ0v(s)m ·σGm+2sn
+
∑
s′=±1
Σm
(
t21Gm+s+s′n−λ21v(s)m ·σv(s
′)
m+2s ·σGm+2(s+s′)n
− it1λ1σ ·
(
v(s)m Gm+2s+s′n +v
(s′)
m+sGm+s+2s′n
))}
= δmn. (14)
Here, E1 = ε1 − iΓLσ/2, Em = εm, 2 ≤ m ≤M− 1, EM = εM −
iΓR/2, and Gmn = 0 for m,n < {1,2, . . . ,M}. The self-energy
Σm =Σm(z) includes the simplest non-trivial electron-phonon
interactions, given by
Σm(z) =
∑
ν
(nB(ων) + 1− f (εm)
z−ων−εm +
nB(ων) + f (εm)
z+ων−εm
)
, (15)
where nB(ω) is the Bose-Einstein distribution function. As
the exchange splitting generated by the ionic vibrations is
an intrinsic property of the structure, the employed approach
is justified since it captures the main effect of the electron-
phonon coupling. Hence, despite non-equilibrium conditions
may modify the exchange splitting, the gross effect of the
electron-phonon interactions is captured by using the equilib-
rium self-energy.
The results form Eq. (11) indicates that a correlation gap
opens under finite electron-phonon interaction. This is cor-
roborated in the model for the chiral structure, see Fig. 1
(a), where the density of electron states for a chiral molecule
(M × N = 2 × 4) is plotted for increasing spin-independent
electron-phonon coupling t0, keeping λ0 = 0. See the figure
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FIG. 1: (Color online) (a) Density of electron states of a chiral
molecule (M ×N = 2× 4) for increasing t1 = 0 (black), 0.1t0 (blue),
and 0.2t0 (red), using λ1 = 0. (b) Difference between the density of
electron states for spin-polarization ↑ (pL = 0.5) and ↓ (pL = −0.5),
for t1 = 0.2t0, and λ1 = 0 (black), 0.1λ0 (blue), and 0.2λ0 (red). (c)
Charge currents and (d) corresponding spin selectivities, for spin-
polarization ↑ (solid) and ↓ (dashed), for structures with 2×4 (black),
3× 4 (blue), 4× 4 (red), and 5× 4 (cyan) sites. Currents in absence
of vibrations (magenta) are shown for reference. (e) Spin selectiv-
ity at eV/t0 = 15 for increasing number of laps (M) and number of
sites per lap (N), using t1 = 0.1t0, λ1 = 0.1λ0. Other parameters are
t0 = 40 meV, λ0 = t0/40, ε−εF =−6t0, Γ0 = 1/τph = t0/4, pL =±0.5,
pR = 0, ων/t = {0.010, 1.4, 2.9, 4.3, 5.7, 7.1, 8.6, 10.0}, and T = 300
K. Results in (a) and (b) were made for a 2×4 structure. An intrinsic
broadening 1/τph = t0/4 has been used in the phonon propagation in
order to smoothen the electronic densities.
caption for other parameters. The opening of the correlation
gap and accompanied splitting of the density into two bands
is indicated with the faint lines around zero.
Opening of a correlation gap is, however, not crucial for
spin selectivity. The reason is that spin selectivity leads to
a changed charge current through the structure upon switch-
ing the direction of the magnetic environment; here, the spin-
polarization in the left lead. However, the vibrationally gen-
erated correlation gap is not associated with a broken time-
reversal symmetry, which can be seen in Fig. 1 (b), where
the bottom trace shows that the difference of the density of
electron states for the two spin-polarizations pL = ±0.5 is es-
sentially negligible. The existing difference is due to higher
order coupling between vibrationally assisted tunneling (t1)
and spin-orbit induced tunneling (λ0). The implication is,
hence, that the corresponding currents are roughly equal and
the generated spin selectivity is minute, see Fig. 1 (c), (d)
(faint/magenta).
Inclusion of the spin-dependent component of the electron-
phonon interaction leads, as suggested by Eq. (11), to a fi-
nite exchange splitting between the spin channels. Indeed, al-
ready for weak vibrationally assisted spin-orbit couplings, the
asymmetry of the electronic density with respect to the spin-
polarization pL becomes enhanced by orders of magnitude,
see middle and top traces in Fig. 1 (b). It is, therefore, antic-
ipated that the spin selectivity should be sizable in presence
of coupling between the spin-orbit and electron-phonon inter-
actions. The plots in Fig. 1 (c), (d), display the polarization
(pL) dependence of the charge current for λ1/λ0 = 0.1, and the
corresponding spin selectivity SP = 100|(J↑ − J↓)/(J↑ + J↓)|,
for chiral structures with M × 4, M = 2, 3, 4, 5, number of
sites. The results clearly demonstrate the emergence of a sig-
nificant spin selectivity in presence of a finite spin-dependent
electron-phonon coupling λ1. It is, moreover, important to no-
tice that the overall current reduces with increasing number of
sites while the spin selectivity simultaneously increases. The
latter property is expected since the number of laps in the he-
lix tends to accumulate and, hence, increase the effect of the
induced exchange splitting.
The plots in Fig. 1 (e), finally, shows the dependence of the
spin selectivity as function of the product M×N, indicating a
stronger spin selectivity the fewer the sites per lap in the he-
lix. This is expected since the chirality vector v(s)m ∼ sinϕm,
where ϕm is the angle between the vectors comprised in v(s)m .
In the limit of infinitely many sites per lap, the chirality van-
ishes since the sites comprised in the product lie on the same
straight line, which leads that ϕm → 0. For decreasing num-
ber of sites per lap, ϕm becomes finite and approaches pi in the
limit of two sites per lap.
In the presented calculations, the vibrational modes are
equidistantly distributed in the range between {ων/t0} =
{0.01, . . . ,10}, where the reciprocal of the lowest mode, in
combination with t1, sets the energy scale for the vibrationally
induced correlation gap, c.f.,
∑
mU/ωm in Eq. (11). Low fre-
quency modes are abundant in organic molecules and, there-
fore, the used spectrum should be considered as realistic.
Moreover, the temperature has been set to 300 K in order to
comply with experimental conditions, while the parameters
t0 = 40 meV and λ0 = t0/40 correspond to realistic numbers.
A weakness of the present study is the absence of Coulomb
interactions as well as the equilibrium treatment of the self-
energy in Eq. (15). While the former issue may be con-
sidered, see [35], a full treatment, including both Coulomb
and vibrational interactions, becomes numerically unattrac-
tive for structures with many sites. Concerning the latter is-
sue, while it is doable to treat the self-energy in appropriate
non-equilibrium framework, it does not change the qualitative
outcome of the study but instead tends to complicate the cal-
culations unnecessarily. By contrast, the main purpose of the
present Letter is to point out the importance of the exchange
splitting in the context of spin selectivity and that this splitting
may emerge from vibrational sources.
In this Letter it has been shown that spin-dependent
electron-phonon coupling has a realistic and sound founda-
tion at the same level as the more commonly studied coupling
between the electronic charge and lattice vibrations. The pres-
ence of both spin-independent and spin-dependent electron-
5phonon couplings leads to vibrationally induced exchange
splitting between the spin-channels in the structure, a result
which is novel and may open routes to addressing high tem-
perature magnetism. These results were shown to have a great
importance in the theoretical modeling and comprehension of
chirality induced spin selectivity. Using experimentally real-
istic numbers, particularly for the spin-orbit interaction, the
calculated spin selectivity reaches several tens of percents and
is, therefore, comparable to experimental observations.
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